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Abstract 

Linear recursion relations for the instanton corrections to the effec- 
tive prepotential are derived for N=2 supersymmetric gauge theories 
with one hypermultiplet in the adjoint representation of SU(N) using 
the Calogero-Moser parameterization of the Seiberg-Witten spectral 
curves. S-duality properties of the Calogero-Moser parameterization 
and conjectures on the Seiberg-Witten spectral curves generalized to 
arbitrary simply laced classical gauge groups are also discussed. 
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1. Introduction 



Over the past half decade there has been great progress in understand- 
ing non-perturbative dynamics of M=2 SUSY gauge theories PJ-[Il]. Non- 



perturbative corrections in the weak coupling corresponding to instanton ef- 
fects [0 were evaluated by field theory methods |13|]-[I6| and various other 
ways via the Seiberg-Witten ansatz by calculating the period integrals corre- 
sponding to the quantum moduli parameters representing the set of vacuum 
expectation values of the Higgs fields |I7[-pD|. In a previous paper pT| , a 



linear set of recursion relations for the instanton corrections to the effective 
prepotential JF was found for a class of J\f—2 SUSY Yang-Mills theories with 
hypermultiplets in the fundamental representation of a classical gauge group 
Q, which reproduced the results of previous recursion relations \2~2\ [23] and 
other methods [17f-p0f. 

Connections between Seiberg-Witten theory and integrable systems was 
first made for the case of pure J\f—2 super Yang-Mills theory in connection 
with Toda lattices [24| and Whitham theory p5| . Later connections between 
7V=2 super Yang-Mills theory with one hypermultiplet in the adjoint repre- 
sentation of the gauge group, and the Hitchin |27j and Calogero-Moser p8 



integrable systems was made. (There are claims that the Calogero-Moser 
integrable system can be derived from the Hitchin integrable system ||29|| ). 
Convenient parameterizations of the Calogero-Moser integrable system useful 
for performing explicit Seiberg-Witten type of calculations were discovered 
[ j30H and forms the starting point of the present paper. 

The Calogero-Moser construction [3(| of the Seiberg-Witten solution for 
M=2 super Yang-Mills theory with one hypermultiplet in the adjoint rep- 
resentation of the gauge group SU(N) and the renormalization group like 
equation for the prepotential JF, led us to the discovery of a general recursion 
relation expressing the n-th order instanton correction to the prepotential T 
in terms of the (n-l)-th, first order instanton corrections. 

We start off by reviewing the Calogero-Moser construction of the Seiberg- 
Witten solution for M=2 super Yang-Mills theory with one hypermultiplet 
in the adjoint representation of the gauge group SU(N). The renormaliza- 
tion group type equation for the prepotential T is discussed next and it is 
shown how it can be used to determine the instanton corrections to the pre- 
potential to arbitrary order in an efficient manner. Recursion relations for the 
instanton corrections are then derived and compared with previous results. S- 
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duality properties of the Calogero-Moser construction of the Seiberg-Witten 
solution are used to discuss the "dual" prepotential To of the dual magnetic 
sector of the theory. Conjectures for possible Seiberg-Witten spectral curves 
for simply laced cases of other classical gauge groups are then discussed. 



2. The Seiberg-Witten Solution for Super Yang-Mills 
with One Adjoint Hypermultiplet 

The Seiberg-Witten (SW) ansatz gives a prescription for determining 
the prepotential of the effective action for J\f—2 supersymmetric Yang-Mills 
gauge theories, as well as for determining the spectrum of BPS states. 

For supersymmetric Yang-Mills theories with an asymptotic free coupling 
and one adjoint hypermultiplet in the adjoint representation of a classical 
gauge group, general arguments based on the holomorphicity of JF, pertur- 
bative non-renormalization theorems beyond 1-loop order, the nature of in- 
stanton corrections, and restrictions of U(1)r invariance constrain T to have 
the form 

T r 1 

F( a ) = oE fl i-^- 2 Ua ■ a) 2 log(a ■ a) 2 
z i= i aen(g) 



OO n 



-(a-a + m)Hog(a ■ a + m) 2 } + V J— F {n \a) (1) 



n=l 



where a are the roots of the gauge group Q. For SU(N), the traceless 
condition X^Li a« = is imposed. 

The SW ansatz for determining the full prepotential T is based on a 
choice of a fibration of spectral curves over the space of vacua, and of a 
meromorphic 1-form dX on each of these curves. The renormalized order 
parameters of the theory, their duals a^, and the prepotential T are 
given by 



f f dT 

f d\ 2iria D , k = f d\, a D)k = -— (2) 
JA k JB k da k 



with A k ,B k a suitable set of homology cycles on the spectral curves. 

For J\f = 2 supersymmetric gauge theories with gauge group SU(N) and 
one hypermultiplet in the adjoint representation, a convenient parameteriza- 
tion for the spectral curves and meromorphic 1-forms is the Calogero-Moser 
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case of [00 



where 



Tfl 

f(k-—,z)=0, d\ = kdz (3) 



1 TV -i £)7l Q 

N 

H(x\k) = Hix-kj) = (x - ki)Hi(x\k) (5) 

3=1 

^{ Z \ T ) = ^(_ 1 )n g (n+l/2)V2 e 2«(2„+l)^ (g) 
n€Z 

along with a corresponding basis of A^, homology cycles as described in 
[jSHfl . This particular choice of parameterization for the spectral curves has 
the geometry of a foliation over a base torus S, where the complex modulus 
t of the torus £ is related to the gauge coupling g and the #-angle of the 
gauge theory by 

6 Am 

Substituting (H) into (|3|) produces a simplified form for the spectral curves 
E {-l) n q^ n{n ' 1] e nz H(k - mn\k) = (8) 

Substituting @ into (@) using the Calogero-Moser parameterization (|3|) 
for the 1-form and performing a weak coupling expansion in powers of q 
similar to the methods in [p0 |, the integral for the quantum order parameters 
Oi's in terms of the classical order parameters k^s were calculated order by 
order in q producing a simplified expression of 



+ ~T ( 7 ) 



fe + EyA^fc) 
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71=1 

where 



oo oo oo C_lV (9 J ' 

e^ b) (*) = e e ^-(^n 

71=1 3=2 ai,-, aj =-oo,#0 J" ^"^ J=l 

aiH ho,=0 



(9) 
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The first few Aj's are 



A® (a) 
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i d 5 


H(cii — m 


a)H(a,i + ma) 
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This result can be derived in a more transparent manner by rewriting the 
spectral curves (|j) as 

k = h + F^k) (10) 

where 

= e (-i)^^^-^- ^^;^ 1 ^ (ii) 

An iterative solution expanded around k = ki to all orders in small q is given 
by 



k = h + E y- 



ri) Un 



n=l 



n\ dk r 



(12) 
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In a similar manner as in [|3(J , z is substituted with w = e z in the the SW 
differential @, 



<iu> 



c?A = kdz = k 



dw 



w 



(13) 



along with the iterative solution ([12]) • Performing the integral around the 
appropriate A { cycle corresponding to ki as prescribed in [Q, reproduces @ 



3. Renormalization Group Type Equations 



In ||30|| , a renormalization group type equation for the prepotential T was 
derived 

^ = -Lv/ (14) 

up to an additive term independent of a, and kj which is physically immate- 
rial. 

Substituting the SU(N) spectral curves (H) into (|14]) using the Calogero- 
Moser parameterization (^) for the 1-form and solving the integral in the 
weak coupling limit of small q gives the renormalization group like equation 
for the prepotential T in terms of the classical order parameters k^s 



fj'P 1 r r oo r oo 

\ E ^ + E E ? n fcAi B >(*) + E E 9 n ni ft> (*) 
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where 



E^W = E E 
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ckiH \-aj=0 



j(j-2)\ K dk i 
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q 1 



Hi(h\k) 
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The first few fL's are 
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4. Recursion Relations for the Prepotential T 

In |P If , an efficient algorithm for deriving a set of recursion relations for 



the instanton corrections was discovered. Using similar methods as 



similar set of recursion relations for the prepotential JF was determined. 

A very direct way of deriving the form of the instanton corrections to the 
prepotential T involves substituting (|l|) and (|9]) into (|1^) to get 



E^ (n) («) = EErfW 



n=l 



=1 n=l 



-t 

* i=l Ln=l 



E? n ^) 



(16) 



Then (|D|) is substituted into flTBj ) and expanded in powers of q, replacing the 
fcj's with aj's. The n-th order instanton correction to the prepotential T 
finally takes on the form 



.(0/ 



=1 sM=i 
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ri— 1 i i— 1 

i=l ' /3i,--,/3 i+ i=i ai,-,ai=l 

/3l+-+ft+l=n 



E E 



The first few JFW(a)'s are 
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5. Comparison With Previous Results 

In the limit the full hypermultiplet is decoupled with r 
while keeping constant the parameters h L and A: 



A 



2N 



(-lf m 2N q q = e 



2nir 



(19) 



equations (|9]) and ( pT5[ ) break down to their corresponding equations in the 
pure SU(N) gauge theory cases pOj [plfl [05[ . 

In the f\f—4 limit where m — > 0, all the Qi and A, terms in (^) and (|T^) 
vanish and reproduces the expected prepotential 



AT 



(20) 



for SC^AT). 

For SU(2), the existing results in the literature have the instanton ex- 
pressed in term of 



di = a, 0,2 = —a 
Explicit evaluations of the first three instanton corrections are 



(21) 



2 



m 



2a 2 
9m 6 



5m 8 



16a 4 64a 6 

m 6 25m r 
—r + 



67m 10 3m 12 
48a 6 _ 192a 8 + 64a 10 



(22) 



which disagree with results in the literature beyond one instanton |33| [] , 
but agrees in the limit where the full hypermultiplet decouples [21]. It turns 



out that peforming the Seiberg-Witten elliptic function calculation in p2| to 



higher instanton orders reproduces the instanton calculations of |33| . 

On the other hand, the SU(2) spectral curve from the Calogero-Moser 
construction @ can be explicitly shown to be equivalent to the SU (2) mass 
deformed J\f—4 spectral curve construction ^ up to reparameterizations of 
the classical order parameters k^s. This spectral curve forms a crucial part 
of the elliptic function calculation in |32| . 

One possible problem with the elliptic function calculation in is the 
assumption of Matone's relation |22|| [P4[| holding in the presence of an ad- 
joint hypermultiplet. Generalizations of Matone's relation for classes of M=2 

1 In the limit of decoupling the full SU(2) adjoint hypermultiplet in J33|, there is a 
discrephency of a factor i with the pure SU(2) results of |17[ 
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SUSY gauge theories with fundamental hypermultiplets was proven in gen- 
eral |35 and corresponds to a renormalization group type of equation for the 
prepotential T . For the case of one adjoint hypermultiplet, a renormaliza- 
tion group equation for the prepotential T was derived and calculated 



to all orders (pj|) which differs greatly from Matone's relation and ||34j| [j3"5[ 



but agrees with the latter cases in the limit the full adjoint hypermultiplet 
is decoupled p0|. 



6. S-Duality Properties 

A closer examination of the Calogero-Moser parameterization of the Seiberg- 
Witten spectral curves and 1-form (^) and (|5|) reveals there's an implicit 
S-duality present. 

Using the transformation property of the theta functions 




and substituting it into (H) and @ shows explicitly that the form of the spec- 
tral curves and 1-form are indeed invariant under S-duality transformations 
up to reparameterizations of the classical order parameters fcj's. Correspond- 
ingly, the roles of the A and B cycles in the Seiberg-Witten ansatz (fj) are 
interchanged under S-duality transformations. 

With this explicit S-duality, the corresponding weakly coupled "dual" 
theory in the magnetic sector of the theory expanded around a small "dual" 
coupling constant 

q D = e 2niTD t d = -\ t -> i0 + (24) 

will have a corresponding "dual" prepotential !Fd(cld) identical in form to 
the prepotential J- {a) in ([!]) and ( |lTD with the corresponding substitutions of 
the coupling constant and quantum order parameters to their "dual" coun- 
terparts 

q—>qD cii — > a>D,i (25) 

respectively. This can be interpreted as a non-perturbative expansion of the 
theory, where the dynamics of the strongly coupled regime in the electric 
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sector of the theory is described by the dynamics of a corresponding weakly 
coupled "dual" theory in the magnetic sector of the same theory. (Other 
strong coupling expansions in the same spirit were performed in |T7[Pd|P5[). 
Considering there are claims that the Calogero-Moser system can be con- 



structed explicitly from the Hitchin system [p9|| , this S-duality is like a re- 
alization of the Donagi-Witten construction of Seiberg-Witten theory using 
the Hitchin system [27] where an underlying S-duality and general SL(2, Z) 
symmetry is built into the geometry of the foliation over a base torus X 
construction (0) from the start. In the prepotential calculations performed 
around small coupling q or qu , the S-duality is explicitly broken while the 
underlying spectral curve (§) is invariant under S-duality and in general an 
SL(2, Z) symmetry f 



7. Generalizations to Other Gauge Groups 

Generalizations of the SU (N) Calogero-Moser integrable system were in- 
vestigated in |37| for various cases of twisted and untwisted gauge groups, 
but stopped short of producing parameterizations suitable for use as Seiberg- 
Witten spectral curves. Possible parameterizations to general untwisted clas- 
sical gauge groups can be conjectured starting from the SU(N) spectral 
curves and placing appropriate constraints such that decouplings of the full 
adjoint hypermultiplet reproduce the pure gauge theory results PI IMI [p| |p8| . 

In the spirit of || |38] , one possibility is to replace the H(k) polynomial 



with 

N 

H{x\k) -> H{x\k) = II^ 2 -^ 2 ) = {x- h){x + ki)Hi{x\k) (26) 

in the Calogero-Moser parameterization of the SW spectral curves (||). 

The appropriate limits for full hypermultiplet decoupling are r — > oo, m — > 
oo while keeping constant the parameters hi and A: 

SO (2r) A 4r ~ 4 = m 4r " 4 g 
SO(2r+l) A Ar - 2 = m 4r - 2 q 

SO{2r) A 4r+4 = m ir+A q (27) 



where q = e 



2-irir 
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